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We present a method to solve the TE-like modes for a 3D circularly bent dielectric rib waveguide. The radial
part of the Helmholtz equation in cylindrical coordinates was reduced to contain only the radial component of
the electric field. The effective index method and the conformal transformation were applied to transfer the
structure into two straight slab waveguides. The problem of a 3D circularly bent waveguide is reduced to the
problem of solving two 2D straight slab waveguides and each one is characterized by a 1D eigenvalue equation
that is solvable numerically by the beam propagation method (BPM). The bending loss, propagation constant,
and radial component of the electric field distribution of the modes can be obtained directly. In contrast to
many commercial 3D BPM methods our method can be applied to the bent waveguide without restriction to a
large radius. Examples were given to demonstrate our method on the bent rib waveguide and compared with
the results of other methods. © 2008 Optical Society of America
OCIS codes: 130.2790, 130.3120.n
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2. INTRODUCTION
ilicon-based high-speed optical communication in the
hort distance era, e.g., from silicon chip to chip or intra-
hip, has recently drawn much attention and research ef-
orts [1,2]. Many integrated optical devices such as modu-
ators [3,4], arrayed waveguide grating (AWG)
ultiplexers–demultiplexers [5], and directional couplers
6], together with compact light sources [7] and detectors
8], were realized on the silicon-on-insulator (SOI) sub-
trate. The bent rib waveguide is crucial in realizing
any silicon-based optical devices on SOI. It is required
n general that the bent rib waveguide be single mode and
ow loss. Numerical methods for analyzing the bent rib
aveguide are in demand. For analyzing 3D bent
aveguides the most straightforward method is to solve
he problem numerically with finite difference methods
uch as the finite-difference time domain (FDTD) method
nd the finite-difference beam propagation method
FDBPM) [9,10]. The bending loss, the mode propagation
onstant, and the field distribution can be obtained with
hese methods. However, in order to obtain reliable re-
ults in the case where the waveguide structure is com-
licated in the cross section, such as the rib waveguide,
he requirement on the computational facilities is strin-
ent and the computation is time consuming. Heiblum
nd Harris [11] used the conformal transformation to con-
ert the bent 2D slab waveguide into an equivalent
traight waveguide with a graded-index distribution.
heir method enables analytical methods for the straight
aveguide to be applicable to the bent waveguide. Pen-0740-3224/08/061031-7/$15.00 © 2ings and Deri [12] used the effective index method (EIM)
o convert a bent 3D rib waveguide into a bent 2D slab
aveguide and then applied the conformal transforma-
ion to convert the bent slab waveguide into a straight
lab waveguide with a graded-index distribution. The
ransfer matrix method (TMM) was then applied to solve
he 2D straight waveguide. Several authors [13,14] have
sed the EIM and the conformal transformation followed
y the Wentzel–Kramers–Brillouin (WKB) method to
olve the problem of the bent rib waveguide. Bending
osses and propagation constants of the modes can be ob-
ained with these methods, however, the field distribution
or neither the TE-like nor the TM-like modes has been
iven.
In applications of silicon-based communications, a
romising silicon modulator within which a metal-oxide-
emiconductor (MOS) structure was incorporated with
he rib waveguide was proposed [3]. The free carrier dis-
ersion effect was applied for the modulation mechanism.
t is the TE-like rather than the TM-like mode that expe-
iences stronger modulation in the MOS rib waveguide.
or purposes of analyzing a microring rib waveguide that
ncorporates the MOS structure we focus the analysis of
his paper on the TE-like mode. We introduce a method to
nalyze the TE-like modes of the circularly bent rib wave-
uide. This method starts from the simplified Helmholtz
quation in cylindrical coordinates for the radial compo-
ent of the electric field; the EIM and the conformal
ransformation were used to convert the waveguide into a
D straight slab waveguide. We then applied the beam008 Optical Society of America
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1032 J. Opt. Soc. Am. B/Vol. 25, No. 6 /June 2008 C. T. Shih and S. Chaoropagation method (BPM), for which many commercial
ersions were readily available, to solve the problem.
ield distributions, propagation constants, and bending
osses were obtained.
. THEORY
. Simplified Helmholtz Equation in Cylindrical
oordinates for the TE-like Mode
he Helmholtz equation for a system of simple, noncon-
ucting, and source-free media is given as
2E + k2E = 0, 1
here k=nk0 is the wavenumber in the medium, k0 is the
avenumber in the vacuum, and n is the refractive index
f the medium.
In cylindrical coordinates the Helmholtz equation be-
omes
2Er − 2r2 E − 1r2Erar + 2E + 2r2 Er − 1r2Ea
+ 2Eyay + k2Erar + Ea + Eyay = 0, 2
here Er, E, and Ey are the electric field components,
nd ar, a, and ay are the unit vectors for the r, , and y
irections, respectively, (see Fig. 1).
Three independent equations can be obtained. In the ar
irection
ig. 1. Circularly bent rib waveguide in the cylindrical coordi-
ate system. Radius R is measured from the center of the circle
o the center of the rib. Radius R1 is measured from the center of
he circle to the outside edge of the rib.2Er −
2
r2
E

−
1
r2
Er + k
2Er = 0. 3
n the a direction
2E +
2
r2
Er

−
1
r2
E + k
2E = 0. 4
n the ay direction
2Ey + k
2Ey = 0. 5
For the dielectric waveguide with rectangular and rib
ross sections, Er is the dominant component of the elec-
ric field; E and Ey are negligibly small [15]. This kind of
ode is conventionally referred to as the TE-like mode. It
s sufficient to solve Eq. (3) for the analysis of TE-like
odes provided that Eq. (3) can be simplified to contain
nly Er.
Applying the scalar Laplacian operator in cylindrical
oordinates Eq. (3) becomes
1
r

rrErr 
+
1
r2


 Er

− 2E + 2
y2
Er + n2r,yk02 − 1r2Er = 0.
6
The refractive index has a spatial distribution in the
–y plane in general. In the Appendix we have shown
hat Er /  2E for practical applications. Therefore,
q. (6) is reduced to
2
r2
Er +
1
r2
2
2
Er +
2
y2
Er +
1
r

r
Er −
Er
r2
+ n2r,yk0
2Er = 0.
7
his is the starting equation for analyzing the TE-like
odes of a circularly bent dielectric waveguide with an
rbitrary cross-sectional refractive index distribution
r ,y.
. Effective Index Method and the Conformal
ransformation for the TE-like Modes in the Circularly
ent Waveguide
. Effective Index Method
ith the method of separation of variables, the solution of
q. (7) can be expressed as
Err,,y = Fr,Jy. 8
quation (7) becomes
1
Fr,
2
r2
Fr, +
1
r2Fr,
2
2
Fr, +
1
Jy
2
y2
Jy
+
1
rFr,

r
Fr, −
1
r2
+ n2r,yk0
2 = 0. 9
ccording to the EIM [16,17], we separate Eq. (9) into two
ndependent equations:
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Jy
2
y2
Jy + n2r,y − neff
2 rk0
2 = 0, 10
1
Fr,
2
r2
Fr, +
1
r2Fr,
2
2
Fr, +
1
rFr,

r
Fr,
−
1
r2
+ neff
2 rk0
2 = 0, 11
here neffr is the effective mode refractive index for the
aveguide defined by the nr ,y refractive index distribu-
ion.
For the rib waveguide in Fig. 1, Eq. (10) can be applied
eparately to regions that are divided along ar; within
ach divided region the refractive index is constant along
r.
. Conformal Transformation
quation (11) is written in 2D polar coordinates r ,; it
an be transformed to 2D Cartesian coordinates u ,v by
he conformal transformation:
r =R1 expu/R1, 12
 = v/R1. 13
eferring to Fig. 2 the circularly bent waveguide is trans-
ormed into a straight waveguide along the v direction by
he conformal transformation.
The field component Fr , is transformed to Fu ,v
hrough Eqs. (12) and (13).
Let
Fu,v =Guexp− sv, 14
here s is the complex propagation constant of the mode
n the straight waveguide and the complex propagation
onstant  of the bent waveguide is
 = sR1, 15
here
 = /2 + j, 16a
ig. 2. (a) Geometry of the bent waveguide in the cylindrical co
ransformed u ,v space. =Nk0R1, 16b
here  is the angular power bending-loss coefficient,  is
he angular propagation constant, and N is the refractive
ndex of the mode in the bent waveguide.
Substituting Equations (12)–(14) into Eq. (11), we ob-
ain
1
Gu
2
u2
Gu + neff
2 uk0
2 + s
2 = 0, 17
neff
2 u = Cneff
2 r	exp2u/R1 − 1/R1k02, 18
here Cneff
2 r	 denotes the conformal transformation of
eff
2 r and neffu is the refractive index distribution of the
traight waveguide along the u direction.
. Mode Solving
n Section 1, the problem of the 3D circularly bent wave-
uide is reduced to the problem of solving two 2D straight
aveguides; each one is characterized by a 1D eigenvalue
quation of Eqs. (10) and (17). These equations are
eadily solvable numerically by using the scalar and
araxial BPM with a transparent boundary condition.
otice that the computational time for solving the 2D
traight waveguide with the BPM is much shorter than
hat of any method for directly solving the 3D waveguide
roblem. We start with the given nr ,y for the bent wave-
uide with certain radii, R and R1, solving for neff
2 r and
y in Eq. (10) with the BPM, and converting neff
2 r into
eff
2 u through Eq. (18). Equation (17) is then solved for s
nd Gu using the BPM again. Substituting s into Eq.
15), the angular power bending-loss coefficient  and the
ngular propagation constant  of the modes for the bent
aveguide are obtained. By substituting Gu into Eq.
14), performing the inverse conformal transformation on
u ,v to obtain Fr ,, and combining Fr , with Jy
hrough Eq. (8), Er is obtained.
These procedures are demonstrated with a bent sym-
etrical rib waveguide with the cross section shown in
ig. 3. The refractive index distribution is uniform within
nd outside the rib. Along the r coordinate we can divide
he region into I, II, and III, as labeled in Fig. 3. Equation
10) is applied separately to each region and Jy and the
te system. (b) Equivalent straight waveguide in the conformallyordina
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1034 J. Opt. Soc. Am. B/Vol. 25, No. 6 /June 2008 C. T. Shih and S. Chaoode effective refractive index are solved for each region
sing the BPM. Multimode solutions will be obtained, in
eneral, for each region. We choose the combinations of
he mode effective refractive indices of three regions such
hat the mode effective refractive index in region I is
arger than that of region II, which is to be neffr as
hown in Fig. 4. Notice that there is possibly more than
ne combination of this kind. Each neffr is then confor-
ally transformed to obtain neffu according to Eq. (18).
igure 5 qualitatively shows one example of many pos-
ible neffu. Each neffu is then substituted into Eq. (17)
o solve for s and mode field Gu using the BPM. Again,
ultimode solutions of Eq. (17) are possible for each
effu. All solutions of Eq.(17) with different neffu are
cceptable modes of the bent waveguide.
Due to the existence of the refractive index gap be-
ween regions I and II on the right side, as shown in Fig.
, the modes are possibly leaky and the leaky loss corre-
ponds to the bending loss of the bent waveguide [18]. The
eaky loss, i.e., the bending loss, is increasing with the
arrower gap and hence with the smaller bending radius.
In applying the BPM for mode solving the imaginary
istance method [19] is less time consuming, but it is not
dequate for the case where there is leakage for the mode;
herefore, we used the correlation method [20] to solve
q. (17) and the imaginary distance method to solve Eq.
10).
Fig. 3. Cross section of a symmetrical bent rib waveguide.
ig. 4. Effective refractive index distribution of the waveguide
n Fig. 3.In the commercial mode-solving tools based on the
PM the bent waveguide is usually conformally trans-
ormed to obtain the modified waveguide width and re-
ractive index distribution in order to use the basic BPM
alculation platform that is based on the paraxial Helm-
otz equation in Cartesian coordinates. It is necessary to
estrict the radius of the bending to be much greater than
he waveguide width such that the conformally trans-
ormed radial part of the Helmholtz equation in the cylin-
rical coordinates can be reduced into the same form as
he paraxial Helmhotz equation in Cartesian coordinates
21]. This restriction induces errors to the conformally
ransformed refractive index distribution. In contrast to
he commercial mode-solving tools, our method does not
estrict the bending radius to be much greater than the
aveguide width and there is no error that will be intro-
uced in the conformally transformed refractive index
istribution in our method.
. Electric Field Distribution
hen solving Eq. (17) for Gu with the BPM a boundary
ondition was applied; namely, the normal component of
he electric displacement field is continuous across the
oundary:
eff,←Gui −  = eff,→Gui + . 19
Referring to Fig. 5, ui represents boundary positions
uch as u0, u1, u2, and u3. eff,← and eff,→ are effective di-
lectric constants to the left and to the right of ui, respec-
ively, and eff=neff
2 .  is a small position increment. The
oundary condition has to be satisfied with the material
ielectric constants rather than the effective dielectric
onstants; therefore, the Gu field obtained from the
PM needs to be corrected to account for this discrepancy.
he corrected field, Gcorrectedu, is
Gcorrectedu =
eff,→
eff,←
←
→
Gu, 20
here ← and → are the material dielectric constant of
he materials to the left and right side of the boundary.
e chose the Gu field of the left of region III to remain
ncorrected and the Gu field of the neighboring region II
ig. 5. Conformal transformation of the effective refractive in-
ex distribution in Fig. 4.
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C. T. Shih and S. Chao Vol. 25, No. 6 /June 2008/J. Opt. Soc. Am. B 1035s corrected according to Eq. (20) with respect to that of
egion III. The Gu field in region I is then corrected with
espect to the Gu field in region II. This process is ap-
lied to each boundary consecutively to the right to obtain
he overall corrected Gu field, which is then substituted
nto Eq. (14) to obtain Fu ,v. Fu ,v is then inversely
onformally transformed to obtain Fr ,. Finally, Fr ,
s combined with Jy through Eq. (8) and Er is obtained.
hen solving Eq. (10) for the Jy field, only the tangen-
ial component of the electric field was involved and there
s no need to correct the Jy field.
. NUMERICAL EXAMPLES
n the first example we demonstrate our method to calcu-
ate the bending loss with respect to the radius of curva-
ure of a single-mode ring rib waveguide and compare the
esult with other methods [9,13]. In the second example
e demonstrate our method to calculate the mode refrac-
ive index with respect to the radius of curvature of a
ingle-mode ring rib waveguide and compare the result
ith the other method [12]. In the third example we dem-
nstrate our method to obtain the TE-like mode distribu-
ion of a single-mode ring rib waveguide.
. Bending Loss
cross section of the waveguide is shown in Fig. 6 as was
iven in [13]. It is a rib waveguide consisting of InP and
nGaAsP. We used 3.17 and 3.39, respectively, for the re-
ractive index of these materials, and the vacuum wave-
ength is 1.55 m. The cross section is divided into re-
ions I and II as shown in Fig. 6. Equation (10) was
pplied to each region separately. The effective refractive
ndex and Jy field of each region are obtained with the
PM, in which the imaginary distance method was used.
n this example there was only one mode in each region
nd the effective refractive index of region I was larger
han that of region II. The effective refractive index dis-
ribution along the r direction, qualitatively similar to
ig. 4, was then conformally transformed through Eqs.
12) and (13). Equation (18) was then used to obtain the
ffective refractive index distribution along the u direc-
ion. The result is qualitatively similar to Fig. 5. This dis-
ribution was then substituted into Eq. (17) to solve for s
nd the correlation method [20] was applied in this step.
e found that only one mode existed for this structure. s
or this mode was converted to  through Eq. (15). The
eal part,  of  in Eq. (16a) was the angular power
Fig. 6. Cross section of the rib waveguide given in [13].ending-loss coefficient. We then converted  into the 90°
ending loss. The result is shown in the solid curve in Fig.
together with the results from [9,13].
The difference between [13] and our method is that af-
er the conformal transformation the WKB method was
pplied in [13] while the BPM was applied in our method.
t was reported [14] that the WKB method works better in
he case where the variation of the refractive index distri-
ution along the transverse direction, after the conformal
ransformation, is small. In [9] the 3D FDBPM method
as used. This method was computationally time con-
uming. In our method we applied the 2D BPM twice,
ith Eqs. (10) and (17), therefore less computational time
as consumed.
. Mode Refractive Index for Bent Rib Waveguide
he cross section shown in Fig. 8 was given in [12]. It was
rib waveguide of GaAs on top of AlGaAs. In [12] the
IM and the conformal transformation were applied to
btain the refractive index distribution of the slab wave-
uide and the waveguide was sliced piece by piece from
he side into multilayer thin films. The TMM [22] was
hen applied to calculate the mode refractive index. The
esult is shown in Fig. 9 together with the result from our
ethod. The difference between the two methods is
ithin 0.1% at the small radius. For the bending of the
mall radius the refractive index gradient (see Fig. 5) is
igher than that of the large radius bending; therefore,
he slicing in the TMM has to be denser to maintain the
recision of the calculation.
ig. 7. Bending loss of the bent waveguide in Fig. 6 from differ-
nt methods.
Fig. 8. Cross section of the rib waveguide given in [12].
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n this example, we demonstrate our method to obtain the
lectric field distribution of the bent waveguide with the
ross section shown in Fig. 6. The radius of curvature was
5 m. Starting from Eq. (10), with given nr ,y, neffr
nd Jy were obtained by using the imaginary distance
ethod based on the BPM. neffr was conformally trans-
ormed to obtain neffu. The correlation method based on
he BPM was applied to solve s and Gu in Eq. (17).
u was substituted into Eq. (20) to obtain the corrected
eld, Gcorrectedu, which was then substituted back into
q. (14) to obtain Fu ,v. Fu ,v was inversely confor-
ally transformed through Eqs. (12) and (13) to obtain
r ,, together with Jy through Eq. (8). Err , ,y was
hen obtained and it is shown in Fig. 10. Since the refrac-
ive index distribution, neffu, as qualitatively shown in
ig. 5, increases as r increases due to the conformal trans-
ormation and it is known that the electric field tends to
oncentrate in the high refractive index region, it is there-
ore, not surprising that the field distribution was
thrown” outward from the center of the circle.
. CONCLUSION
e have reduced the Helmholtz equation in cylindrical
oordinates to a simple form for solving the dominant
ransverse electric field component for the TE-like mode
n the 3D bent rib waveguide. Two 1D eigenvalue equa-
ig. 9. Modal refractive index versus radius of curvature for the
aveguide in Fig. 8.
ig. 10. Electric field distribution of the bent rib waveguide in
ig. 6. R=85 m.ions, Eqs. (10) and (17), were obtained through the EIM
nd conformal transformation and each equation was
olved with the 2D BPM. The field distribution together
ith the propagation constant and the bending loss can
e obtained. Eliminating the azimuth component of the
lectric field in the reduced Helmholtz equation is justi-
ed by the consistency of the numerical solution of our
ethod with that of other methods. Although conven-
ional 3D methods such as the commercial BPM or FDTD
an be used to analyze the bent waveguide directly the
dvantages of our method are first, our method is simple
ecause it is a two-step BPM-based 2D mode solving
ather than 3D; secondly, the bending radius is not re-
tricted to be much greater than the waveguide width in
ontrast to many commercial 3D BPM methods; and
hird, our method can obtain the electric field distribution
f the TE-like modes directly. Although we showed our
ethod for TE-like mode solving our method can also be
pplied to solve TM-like modes; instead of starting from
q. (3) for the TE-like modes we can start from Eq. (5) for
he TM-like modes; then the EIM, the conformal transfor-
ation, and the BPM can be applied consecutively and
he procedure will be similar to that of solving for the TE-
ike modes.
PPENDIX A
n this section, we prove that it is adequate to assume
Er /  2E in Eq. (6) for the TE-like modes of the
ent dielectric waveguide. In cylindrical coordinates the
lectric field components of the TE-like mode in the radial
nd azimuth directions can be expressed as follows:
Err,,y = Er
0r,yexp− /2 + j	, A1
Er,,y = E
0r,yexp− /2 + j	, A2
here Er
0r ,y and E
0r ,y are the 2D scalar phasors.
Using the definition of Eq. (16a), Eqs. (A1) and (A2) can
e expressed as
Err,,y = Er
0r,yexp− , A3
Er,,y = E
0r,yexp− . A4
ifferentiating Eq. (A3) with respect to , Eq. (A3) be-
omes
Er/ = − Er
0r,yexp− . A5
ividing Eq. (A5) by Eq. (A4) we can get
Er//2E = 2/4 + 21/2Er
0r,y/E
0r,y/2.
A6
n general,  is much smaller than  and can be ne-
lected. Substituting Eq. (16b) into Eq. (A6), we can get
Er//2E = NR1Er
0r,y/E
0r,y/	0. A7
Er
0r ,y is the dominant component of the electric field
or the TE-like modes [15] and this means
Er
0r ,y  E0r ,y. The quantity of NR1 /	0 is greater
han 1 for practical applications. As an example, for a
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C. T. Shih and S. Chao Vol. 25, No. 6 /June 2008/J. Opt. Soc. Am. B 1037ypical rib Si waveguide of 10 m radius of curvature
ith the mode refractive index of 3 at 1.55 m vacuum
avelength, NR1 /	0 equals 60.8. Therefore, we can con-
lude that Er /  2E.
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